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We present one point of contact between the standard theory of neutrino oscillations and the
alternative one in which flavor neutrinos are described by states with definite masses. We show
that both theories give the same results for static neutrinos only.
1. Introduction
The title of this paper means that we shall consider the existence of two kinds of neutrinos only
and let it be for instance ν1 = νe and ν2 = νμ and we shall study the transitions (oscillations)
ν1 ↔ ν2. These oscillations will be studied in the framework of the following theory [1]. The free
neutrinos ν1, ν2 are described by the hamiltonian
H0 = α.p + βMd , 1
where Md = diag m1,m2, m1 m2 is the mass of ν1 ν2 and the standard meaning of
other symbols is assumed.
The transitions ν1  ν2 will occur in the theory if the time development of states of ν1,ν2
will be determined by the hamiltonian
H = αp + β
m1 q
q∗ m2
.

2

For a simplicity we shall assume q∗ = q. (The case q∗ ≠ q does not represent any serious
problem.)
The eigenvalues of
M =
m1 q
q m2

2 ′

are
M1 = 12 m2 + m1  −
1
2 m2 − m1 
2
+ 4q2 ,
M2 = 12 m2 + m1  +
1
2 m2 − m1 
2
+ 4q2 . 3
It is evident that M1 may be negative and thus (2) has not to describe two free Dirac particles.
In the next we shall calculate the probability P

ν1  ν2; t of the transition ν1  ν2 in
time t. We shall work within the standard representation of Dirac matrices and so we choose
α =
0 σ
σ 0
, β =
1 0
0 −1
.
2. Eigenvalues an eigenfunctions of H0 and H
Let us now consider the equation
ϕ = H0ϕ 4
with H0 given by (1). If we are interested in neutrinos ν1,ν2 having the momentum p then we
have to take into account only those solutions to (4) for which  > 0 and
Σ ⋅ pϕ = − p ϕ, Σ =
σ 0
0 σ
. 5
If we chose p =

0,0,p > 0

then the mentioned above solutions are
ϕ1 =
A1
0
for 1 = p2 + m12 ,
ϕ2 =
0
A2
for 2 = p2 + m22 , 6
where
A i =
 i + m i w
−  i − m i w
and w =
0
1
. 7
The solutions ϕs′ corresponding to  < 0, momentum −p and the positive helicity we choose
in the form
ϕ3 =
A3
0
for 3 = − p2 + m12 = −1,
ϕ4 =
0
A4
for 4 = − p2 + m22 = −2, 8
where
A i =
− | i | − |m i | w
| i | + |m i | w
, i = 3,4 9
and m3 = −m1, m4 = −m2.
The ϕ i, i = 1, 2,3,4 are governed by
ϕ iϕ i = 2m i 10
and satisfy
∑
i=1
4
ϕ iϕ i
2m i
= diag 01010101 11
Because we deal with solutions ϕ′s of the type ϕ+ = 0 a10 a20 a30 a4 and their linear
combinations then I8′ = diag 01010101 is the unit operator acting on the considered subspace,
i.e., ϕ+I8′ = ϕ+, I8′ ϕ = ϕ.
Let us now look for eigenvalues and eigenfunctions of H. We start with the equation
E Φ = H Φ 12
and consider solutions with negative (positive) helicity for E > 0, p E < 0,−p.
Putting
Φ =
A′
B′
then we get from (12)
αp + βm1 A′ + βqB′ = EA′,
αp + βm2 B′ + βqA′ = EB′. 13
The eigenvalues of H are
E i = ± p
2
+ M i2 , i = 1,2
where M i are given by (3).
Confining ourselves to p = 0,0,p > 0, E i = p2 + M i2 and negative helicity than
Φ i =
1
1 + ξ i2
A i′
ξ iA i′
, i = 1,2 14
where
A i′ =
E i + M i w
− E i − M i w
, ξ i =
M i − m i
q . 15
The solutions Φ ii = 3,4 to (12) corresponding to E i = − p2 + M i2 ,−p and the positive
helicity are
Φ i =
1
1 + ξ i2
A i′
ξ iA i′
, i = 3,4 16
where
A i′ =
− |E i | − |M i | w
|E i | + |M i | w
, ξ3 = ξ1,ξ4 = ξ2, 17
and M3 = −M1, M4 = −M2 .
The solutions Φ ii = 1, 2,3,4 satisfy
Φ i Φ i = 2M i ∑
i=1
4
Φ iΦ i
2M i
= diag 01010101 18
3. Amplitude of transition ν1  ν2 in time t
Having the initial state ϕ1/ 21 in time t = 0 then its time-development is given by the
equation
Φ = e−itH 1
21
ϕ1. 19
On the basis of (11) and (18) we can write
ϕ i =∑
j=1
4
Φ jΦ j
2M j
ϕ i =
4
j=1
∑
Wij Φ j
where
Wij = 12M j
Φ j ϕ i
and
Φ i = Vij ϕ j
where
Vij =
ϕ j Φ i
2m j
=

W−1
 ij.
Now (19) can be rewritten into the form
Φ = W1j e−iE jt Vjk |k |
1
ϕk
2|k |
20
and the amplitude A

ν1 → νk; t of the transition ν1 → νk in time t is equal to
A

ν1 → νk; t = W1j e−iE jt Vjk |k |
1
. 21
We note that A

ν1 → νk; t for k = 1,2 corresponds to transitions ν1 → ν1, ν1 → ν2 and for
k = 3,4 corresponds to ν1 → ν 1 (antineutrino), ν1 → ν 2.
4. The relation between the standard theory and the considered one
Let us now look for some point of contact between (21) and the following expression for A
which follows from the standard theory
( see e.g. [2 - 6] )
A

ν1 → νk; t = U1j e−iE jt U jk+ , k = 1,2, 22
where U is the unitary matrix defining states |ν i 〉 of the flavor neutrinos ν i by means of states
|ν i′ 〉 of mass neutrinos ν i′ by the equation |ν i 〉 = U ij ν j′ . The states |ν i′ 〉 for p = 0 are
eigenstates of the mass matrix M and thus UMU+ = diagonal matrix.
Putting
W =
W1 W2
W3 W4
, V =
V1 V2
V3 V4
where Wα, Vα

α = 1,2,3,4

are 2 × 2 matrices then
Wij
1

=
ξ j
i−1
2M j 1 + ξ j2

 i + m i E j + M j −  i − m i E j − M j = Wij
4

,
Wij
2

=
ξ j
i−1
2M j 1 + ξ j2

 i + m i E j − M j −  i − m i E j + M j = Wij
3

,
Vij
1

=
ξ i
j−1
2m j 1 + ξ i2

E i + M i  j + m j − E i − M i  j − m j = Vij
4

,
Vij
2

=
ξ i
j−1
2m j 1 + ξ i2

E i + M i  j − m j − E i − M i  j + m j = Vij
3

.
For p = 0 we have
Wij
1

=
ξ j
i−1
1 + ξ j2
m i
M j
= Wij
4

,
Wij
2

= Wij
3

= 0,
Vij
1

=
ξ i
j−1
1 + ξ i2
M i
m j = Vij

4

,
Vij
2

= Vij
3

= 0.
Now from (21) we get
A

ν1 → νk; t|p=0 = U1j e−iM jt U jk−1, k = 1,2, 23
A

ν1 → νk; t|p=0 = 0 for k = 3,4,
where
U =
1
1 + ξ12
1
1 + ξ22
ξ1
1 + ξ12
ξ2
1 + ξ22
Now it is not difficult to show that (23) for k = 1,2 and (22) are the same results.
Namely, taking into account
M1M2 = m1m2 − q2, M1 + M2 = m1 + m2
then it is not difficult to prove ξ1ξ2 = −1 and then verify the following relations
U+U = UU+ = I2, (I2 is the unit 2 × 2-matrix),
UMU+ = diag

M1M2 .
Hence, (23) indeed reduces at p = 0 to (22).
Thus one can conclude that for static neutrinos p = 0 the considered theory and the
standard one give the same result.
5. Concluding remarks
Throughout this paper we worked with M1, M2 > 0 although one can admit M1 < 0.
Naturally, the previous calculations can be repeated without any difficulties also for M1 < 0,
M2 > 0. We did not do so because we looked for some points of contact between the theories in
question. Namely, the states Φ i’s play the same role in the presented theory as the mass neutrino
states in the standard theory and the masses of the mass neutrinos are intuitively assumed to be
positive.
We conjecture that the point of contact we found is the only one. The physical distinctions of
these theories are evident (e.g. in this theory any neutrino νk k = 1,2, 3 is described by the state
with definite mass). The contemporary experimental data are not sufficiently strong for rejecting
one of these theories. Thus we are reffered on the next investigations which perhaps will reveal
weak points of our speculations.
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